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SECTION A 


Attempt ALL questions in this section. 
Question 1 /10 marks/ 


(a) Use mathematical induction to prove that the formula 


1x242x3+..¢n(n4 y= es ins?) 


is valid for all natural numbers n > 1. 


(b) Determine the supremum and infimum (if they exist) of the following sets. 


(i) {83+5|ceER, c 40} 
(ii) {8+4|neEN, n£O}. 


Question 2 /10 marks] 
Consider the function 


aan i . 
1442] ° 


f(x) R > (0, 1] 


and explain your answers to each of the following. 
(a) On what subset of its domain is f increasing? 
(b) Is f injective? 
(c) Show that sup, cp f(z) = 1, and infzer f(z) = 0. Does f attain either of 
these bounds? 


Question 3 /10 marks] 


(a) Determine whether each of the following sequences {u,}nen is monotone or 


not. In each case, compute lim, Un- 


(i) Un = (-3)" 
(ii) tm = grea 


(b) Determine which of the following series converges or diverges. In each case 


explain your answer. 
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Question 4 /10 marks/ 


(a) Determine the set of points at which each of the following functions is differ- 
entiable. In each case, by appropriate use of rules of differentiation, give a 


formula for the derivative function on its domain of differentiability. 


(ii) g(x) = 75 


(b) Use rules of differentiation to determine the derivatives of each of the following 


functions. 


Question 5 /10 marks/ 
Consider the function f : R > R defined by 


f@)S2" —327 +2: 
(a) Determine the intervals on which f is 


(i) increasing 
(ii) decreasing 
(iii) concave up 

) 


(iv) concave down. 


(b) Locate all critical points of f, and determine the absolute maximum and 


minimum values of f on the interval [—1, 3]. 


(c) Sketch the graph of f on the interval [—1, 3]. 


Question 6 /10 marks] 


(a) Find real numbers z, y, z such that 


2g Se Oe 2 
2e-ytz = 5 


x-2y+z = 1 


MATHI1O01 Trimester 2, 2015 


(b) Given matrices 


0 1 -l a9 1 24 O 
A=]|1 1 -1|,B= |. mac 2 0 -2 
01 2 

01 1 0 2 2 


determine which of the following are defined and calculate those which are: 


AB, BA, BC, and A-C. 


—3 
(c) Find the determinant of the matrix D = 


op ies > ae Si ae) 
HBO 
| 
— 


12 
Question 7 /10 marks/ 


(a) For z = 2—i, write each of the following complex numbers in the form x + iy 
(i) Z 
(ii 


) 

) 
(ili) 2 
) 

) 


[21 


2 


(iv 
(v 


(b) Find all complex numbers which satisfy 2? = —1. 


RIN 


Question 8 /10 marks] 


(a) Find the inverse of the matrix 


and check your answer by matrix multiplication. 


(b) Find the eigenvalues and eigenvectors of 


Question 9 is on page 5 
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SECTION B 
Attempt ANY TWO questions in this section. 


Question 9 /10 marks] 


(a) State the Mean Value Theorem for a continuous function f : [a,b] + R which 


is differentiable on (a, b). 


(b) Let f(x) = In(1+a). Use the Mean Value Theorem to show that In(1+2) < x 
for all x > 0. 


Question 10 /10 marks] 


Local government wishes to connect fibre-optic broadband cables to an island 
just offshore from the mainland. The island is 3km from the closest point P on a 
straight shoreline, while the closest existing fibre-optic node is 5km further along 
the shoreline from P, at a point N. The cost of laying additional fibre-optic cable 
under water is $100,000 per km, and $50,000 per km overland. If the government 
contractors were to lay some cable overland from N to a point A (between N and 
P), then the remaining cable in a straight line from A to the island, where would 


A need to lie in order to minimize the total cost of fibre-optic cable? 


QUESTIONS 11 AND 12 ARE ON PAGE 6 
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Question 11 /10 marks] 


(a) Given vectors u and v in R?, show that 


lu x vl? = ful?Jv]? — (w-v)?. 


(b) Let A and B be distinct points in R*. Show that the distance, d, of the point 
P € R? from the line through A and B is given by 


es |PA x PB| 
JAB] 


Question 12 /10 marks] 
State and discuss the “Main Theorem” on eigenvalues of a Leslie matrix. In 
particular, what does this result imply about the long-term growth (or decay) of 


the population vector (and hence the total population)? 


Please remember - This examination question paper MUST BE HANDED IN. 
Failure to do so may result in the cancellation of all marks for this examination. 
Writing your name and number on the front will help us confirm that your paper | 


has been returned 


